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An Analytical Model for the Vorticity
Associated with a Transverse Jet

A. R. Karagozian*
University of California, Los Angeles, California

A two-dimensional model is developed for a turbulent jet injected normally into a uniform cross flow, in
which particular emphasis is placed on the contrarotating vortex pair associated with the jet. By approximating
the forces acting on each of the viscous vortices, equations governing vortex spacing and downstream jet velocity
are evolved. A description of the variation in total vortex strength is utilized in which vorticity generated by flow
about the circular orifice dominates the near field and vorticity generated by the jet impulse dominates the far
field. Numerical solution of the governing equations yields results for the vortex trajectory, half-spacing, and
varying circulation that correlate quite well with experimental data and asymptotic relations. Based on these
findings, it is concluded that vortex separation and other important characteristics of the jet cross section are lo-
cally two-dimensional and viscous in nature. Hence, it becomes possible to predict, on largely theoretical
grounds, the behavior of the vortex pair and of the transverse jet itself.
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Nomenclature
= radius of viscous core
= orifice diameter
= local entrainment factor
= complex potential
= unsteady drag force acting on vortices
= lift force acting to separate vortices
= half-spacing of vortices
= virtual mass coefficient for motion of vortex
cores

= half-height of vortex pair recirculation cell
= characteristic length scale for transverse jet
= half-width of vortex pair recirculation cell
= mass flow rate exiting jet orifice
= impluse per unit length of transverse jet
= radial distances in vortex coordinate system
= velocity ratio Uj/U^ for isothermal problem
= characteristic Reynolds number (= U^L/v)
= arc length along vortex curve
= flow time used to parametrize vortex location
= initial flow time at jet orifice
= unsteady cross flow velocity in reference frame

of vortex pair
= jet velocity at orifice
= crossflow velocity
= local mass-averaged velocity of jet along

trajectory

= coordinate systems relative to wind tunnel and
vortex pair, respectively

= total (integrated) circulation of each vortex
= viscosity
= density of cross flow and jet
= velocity potential
= angle describing orientation of vortex pair
= vorticity
= total (integrated) vorticity associated with each

vortex structure
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Introduction

THE turbulent mixing of a jet directed normally into a
cross flow arises in a variety of situations of technological

importance, among them, dilution jet mixing in gas turbine
combustion chambers. The practical implications of this
flowfield have motivated extensive study of the behavior of
the transverse jet, both by experiment and by analysis. While
early studies focused on empirical descriptions of the jet tra-
jectory and pressure distribution (Keffer and Baines,1 Pratte
and Baines,2 Jordinson3), more recent experiments have, in
addition to jet path, evaluated cross-sectional velocity
distributions that indicate the presence of a vortex pair struc-
ture dominating the downstream jet flow (Kamotani and
Greber,4 Fearn and Weston5). An increase in vortex spacing
with downstream distance is observed to occur, as well as an
increase in local vortex strength with increasing momentum
ratio R2 (defined as the ratio of the momentum flux of the jet
to that of the cross flow over an area equal to that of the jet
orifice).

Over the past decade a number of semianalytical models
have been developed that place particular emphasis on the
vortex pair structure and its behavior in terms of predicting
the jet trajectory. The models of Fearn and Weston5 and of
LeGrives6 assume the vortex pair to be locally two-
dimensional and consider the pair to slightly "lag" the ac-
tual jet trajectory, which is defined by the location of points
of maximum velocity in the jet's plane of symmetry. These
assumptions are quite accurate in light of experimental find-
ings, yet empirical information is required as input to each
model, particularly that of Fearn and Weston. The two-
dimensional, inviscid models of Durando7 and of Broadwell
and Briedenthal8 consider the vortex pair in the far field to
be aligned with the direction of the cross flow, where vortic-
ity originates from the impulse per unit length imparted to
the flowfield by the jet. Scaling laws for the vortex trajectory
(assumed identical to that of the jet) and the variation in
downstream vortex strength are then evolved, based on
similarity arguments. While relatively few empirical results
are incorporated into these models, the neglect of viscous
dissipation and local jet path curvature causes the models to
be inappropriate within 50 jet diameters downstream of in-
jection, where much of the experimental work has been
performed.

The present model has been developed with the aim of ex-
plaining some of the fundamental features of transverse jet
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flow and the degree to which simplifying assumptions are ap-
propriate. Specifically, it is sought to determine whether the
vortex pair separation and associated increase in jet cross-
sectional area are locally two-dimensional or three-
dimensional phenomena and whether viscosity must be taken
into account in the analysis. The nature of fluid entrainment
by the jet is represented in light of these findings, and a
prediction of jet trajectory and downstream vortex spacing is
obtained.

Description of the Two-Dimensional Model
Experimental observations of the circular jet in a cross

flow indicate the presence of a pair of bound vortices ini-
tially attached to the lee side of the jet boundary, which
gradually dominate the actual jet cross section in the far
field. A precise mathematical description of these deflected
vortices would consider two semi-infinite, curved vortex lines
emanating from points outside of the jet orifice and with im-
age vortex lines represented in the lower wall. The present
model, however, considers the vortex pair to be locally two-
dimensional, as assumed by previous researchers5"8 and as is
shown in Fig. 1. This assumption is clearly appropriate in
the far field of the jet and, for large momentum ratios, is
not unreasonable in much of the near field.

Also inherent in the present formulation is the assumption
that each vortex structure consists of a Gaussian distribution
of vorticity, similar to the "diffuse" vortex model of Fearn
and Weston.5 The concept of the diffusion of vorticity is
particularly important to our model in that the downstream
growth of each viscous vortex core gives rise to forces that
act to separate the vortices.

The geometry of the transverse jet formed by injection
into a wind tunnel (or into a combustor) is shown in Fig. 2.
The projection of the vortex trajectory onto the plane of
symmetry is described by the coordinates (xv,yv = 0,zy) and is
defined as the vortex curve. The vortex pair trajectory does
in fact "lag" the actual jet path to a degree but, as pointed
out by Fearn and Weston5 and by Adler and Baron,9 the
vortex curve probably coincides more closely with the actual
jet path (observed by flow visualization) than does the "jet
centerline," the locus of points of maximum velocity.

The concept of a flow time associated with the local (axial)
jet velocity is introduced into the model as a means of
describing the location of the vortex pair along the vortex
curve. In terms of the present model, experiments indicate
that, as time increases, the vortices separate further and the
viscous cores increase in size. One aim of our model is to
predict this separation by analytical arguments, then, based
on the geometry of the vortex model, to compute the vortex
curve given by (X,Y=Q,Z).

Calculation of the forces acting on the vortex pair arises
from an approximation of the cross-sectional velocity
distribution of the pair. With respect to the geometry shown
in Fig. 3, the vorticity distributions within each of the
contrarotating vortices are given by

=o)0exp( -r\/4vt), <o(r2) = -o>0exp( -rl/4vt) (1)

Owing to the nature of the radial diffusion of vorticity with
time, the flowfield of the single Gaussian viscous vortex is
frequently approximated by the Rankine combined vortex.
This type of flow concentrates viscous effects into a core
region undergoing solid body rotation, with the flowfield of
an inviscid (potential) vortex exterior to the core. The veloc-
ity distribution for a pair of Rankine combined vortices is

(2)
TO -

where

is the radius of the viscous core. Due to the changing orien-
tation of the vortex pair as it is deflected downstream, the
cross-flow component seen by the vortex pair will vary with
flow time. The two-dimensional flowfield generated by in-
viscid, unsteady flow about two contrarotating cores of
radius a ( t ) with respective circulations ±F0 is shown in Fig.
4. Of course, this approximation is valid when a ( t ) is less
than the vortex half-spacing, h(t); this constraint will be
checked upon solution for a ( t ) and h ( t ) .

The complex potential describing the local flowfield about
the vortex with reference to Fig. 4 thus takes the form

(3)

The first term on the right side of Eq. (3) represents the com-
ponent of uniform flow seen by the vortex pair, the second
term represents two circular cylinders (vortex cores) of radius
a ( t ) located at z = x+iy = Q and z= —i2h(t), and the third
term represents the circulation of the cylinders ±F0 at z = 0,
— i2h(t), respectively. The components of force that act on
each of the cores are Fx and Fy, as shown, representing in-
viscid, unsteady drag and lift forces, respectively.

Evaluation of the forces Fx and Fy acting on the upper
core proceeds from use of the extended Blasius theorem10 for
unsteady, inviscid flow over a body whose size changes with
time. In order that the reference frame be fixed to the core,
the velocity of each vortex core due to the presence of the
adjacent vortex must equal the cross-flow component U ( t ) .
Thus,

(4)

Incorporating this velocity balance into the expression for
the complex velocity, the resulting components of force
become

depth
_ T dh ( a
~pl°L"dTV ~

(t) a ( t ) da

depth 87r/z3(0

h ( t )

+ pira2(t)
d2h

(5a)

(5b)

Of particular interest in the calculation of downstream
vortex half-spacing h(t) is the lift Fy, which acts to separate
the vortex cores. Assuming that p, the density of the cross
flow, is equal to the density of the jet fluid, and also con-
sidering the fluids to be incompressible, the force balance in
the yv direction becomes

dt
\p(l+k)wa2(t) dh

~dt
_ * y

depth (6)

for rl,r2>a(t)

The left side of Eq. (6) represents the temporal change in the
momentum per unit depth of the core itself, where the term
kpira2(t) is the virtual mass of each body that arises due to
the change in kinetic energy of the fluid surrounding the
core. The virtual mass coefficient k for a moving cylinder
with circulation in an unsteady flowfield adjacent to an iden-
tical body will necessarily differ from unity. Based on the
reasoning described in the Appendix, the value k = 4 is
chosen in the present calculation and is approximated as con-
stant for the entire vortex pair trajectory. Substitution for
the force component Fy into Eq. (6) gives an ordinary dif-



MARCH 1986 YORTICITY ASSOCIATED WITH A TRANSVERSE JET 431

ferential equation in the vortex half-spacing h ( t ) and in the
core radius a ( t ) .

Thus far, no actual viscous information has been incor-
porated into the model; the cores have been assumed to grow
at some general rate 2ira(da/dt). By definition, the viscous
core radius increases with time as a ( t ) = C^l4vt\ this substitu-
tion into Eqs. (5b) and (6) yields a single governing equation
in vortex half-spacing h ( t ) . The selection of an appropriate
viscosity for the turbulent jet in a cross flow, however, re-
quires some care. The implications here may be seen by non-
dimensionalizing the parameters present in the governing
equation for h(t).

As described in Broad well and Briedenthal,8 an ap-
propriate length scale for the problem of a transverse jet can
be

where R reduces to the jet-to-cross-flow velocity ratio
(Uj/U^) for the incompressible problem. Using a character-
istic length L = Rd, flowfield parameters may be nondimen-
sionalized as follows: h = h/L, f= U^t/L; TQ^TQ/U^L. The
final dimensionless equation for half-spacing h thus becomes

d2h dfi
~dT

o r
SHoV""

c2t~
~

(7)

where the Reynolds number for the flowfield is defined by

UXL U d
Re — ———= —— (incompressible)

v v

Now the Reynolds numbers (based on kinematic viscosity)
prevalent in experimental studies range from the order of

ASSUMED STRAIGHT
VORTEX LINES

Fig. 1 Description of a locally two-dimensional vortex pair in the
field of a transverse jet.

x»(t)

VORTEX PAIR
LOCATION AT t

103-104 for the heated jet in a cross flow (Kamotani and
Greber4) to 106 for the isothermal work of Fearn and
Weston.5 If eddy viscosity is instead employed in the defini-
tion of Re [and thus in the relation for a ( t ) ] , the pertinent
Reynolds numbers for the experiments will be reduced by
perhaps several orders of magnitude. Hence, several dif-
ferent values of Re will be considered in calculation for the
present model in order to assess the effects of viscosity
selection.

Solution of the nonlinear ordinary differential equation
given in Eq. (7) is now contingent upon formulation of
several important quantities: F0, the total (integrated) cir-
culation associated with each vortex, and the initial condi-
tions for h ( t ) and for dh/dt at the jet orifice. In evaluating
the relationship between F0 and other parameters describing
the transverse jet, it is necessary to postulate in some detail
how the vorticity is actually generated in the flow and to
understand what is actually observed in the cross-sectional
slices of the jet taken experimentally. Historically, it has
been assumed that the rollup of vorticity arising from two-
dimensional flow about a circular orifice is a fairly
reasonable means of visualizing the formation of the pair of
contrarotating vortices.11 If the interaction of the cross flow
with the circular jet orifice were the only means by which the
vortex pair is formed, however, then 1) the orientation of
the vorticity vectors would be perpendicular to the direction
of cross flow, and 2) the circulation of each vortex would be
virtually independent of the jet-to-cross-flow momentum
ratio, R2 = pUj/pU2

x. Jet cross-section velocity data4'5 in-
dicate, however, that integrated vortex strength does increase
with this ratio and that F0 generally increases then decreases
with arc length along the vortex curve. Hence, to model the
circulation more accurately, particularly in the downstream
region, the component of vorticity generated by the impulse
of the jet must be included. Durando,7 following the descrip-
tion of Lamb,12 gives the impulse per unit length P necessary
to generate a vortex pair instantaneously from rest as

P=(2PT0h)k (8)

In this description the two vortex lines are parallel to the
direction of cross flow, and in fact this relation for F0 is used
in the far-field models of Durando7 and of Broadwell and
Breidenthal.8

One means of accounting for both components of the vor-
ticity generated at the orifice is to express the circulation as

(9)

where the coefficient of sin0y(f) represents the vortex
strength generated by the cross flow and the coefficient of
cos<t)v(t) represents the circulation arising from the jet im-
pulse. The impulse per unit depth of the jet is given by

P = mjUj/U00=pird2Uj/4U00

for the case where the densities of the fluids are the same.
The dimensionless representation for F0 can then be written
(using the cross-flow velocity balance) as

HrMirr)

Fig. 2 Geometry for a two-dimensional model.

(10)

This relation indicates that F0 is actually a function of
dimensionless flow time f in Eq. (7), appropriate in that
near-field and far-field vorticity components dominate in
different portions of the jet trajectory. In the actual
numerical solution of Eq. (7), however, the term f 0 will be
regarded as quasi-steady, with the numerical value of f 0 up-
dated at successive time intervals based on h ( t ) . Since the
expression in Eq. (10) is an externally imposed correlation
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z»(t)

r«(t)

Fig. 3 Geometry for local flowfield of vortex pair.

yv(t),

z = x + iy

U sin

Fig. 4 Local flowfield and forces acting on viscous cores.

(albeit with analytical justification) and not a part of the
unsteady force calculation, it is reasoned that this simplifica-
tion in the numerical analysis is acceptable.

The value of the dimensionless vortex half-spacing h(i) at
the jet orifice (and hence at an "initial" flow time t~0) is dif-
ficult to determine, in both theory and experiment. Clearly,
if the situation near the jet orifice is modeled as flow about a
circular cylinder, the attached vortex pair that is formed will
have nonzero half-spacing.

As one means of approximating h(t0), the assumption is
made that the cross-sectional area of the recirculation cell of
the vortex pair is equal to the area of the jet orifice. This is
based on the reasoning that, further downstream of the
orifice, the recirculation cell of the vortex pair becomes more
closely representative of the actual jet cross section. If ex-
trapolated back to the location of the orifice, this gives

= (!//?)> (U)

with 5 = 2.84 evaluated by the dimensions of the cell (Kelvin
oval) given in Robertson.13

The actual time f0 to which this value of h(f0) cor-
responds is evaluated by an asymptotic solution of the gover-
ning equation for h ( t ) . If we assume that t0 is close to zero
and that h(i)~fi near f=0, the first-order dependence of
h(f) is found by substitution into Eq. (7). This yields

(12)

as an approximation to the function close to zero. The coef-
ficient b is computed easily by neglecting the term of order
(\/Re) in Eq. (7). Hence, given the _value_ for h(f0) in Eq.
(11), the corresponding flow time f0 = ( h ( f 0 ) / b ) 2 may be
calculated, and the initial rate of change of J;he spacing,
which is also required, is simply equal to (b/2)f0~l/2. The in-
itial conditions for Eq. (7) are now complete and the equa-
tion is ready for numerical solution.

Once the solution for dimensionless downstream half-
spacing h(f) is obtained, it can be used to calculate the
vortex curve Z(X). From the velocity balance along the tra-
jectory, it is clear that the geometrical relationship between
the local slope of the trajectory, dZ/dX, and the local vortex
half-spacing is

dZ/dX(t)
[ \ + ( d Z / d X ( t ) ) 2 (13)

Based on the definitions here, the arc length of the vortex
curve at flow time As given by the time integral of the local
mass-averaged jet velocity, uv(t). In dimensionless form,
uv = uv/Uj and arc length can be represented by

BOUNDARIES OF
RECIRCULATION
CELL

s ( t )

VORTEX CURVE

u
Fig. 5 Flowfield relative to an element of the vortex pair recircula-
tion cell.

(14a)

then, correspondingly, the location of the vortex pair at t is
( X ( t ) , Z ( t ) ) , where

X(f)
d

Z(f)

= R2\[ Uv

J'
(14b)

(14c)

Once the functions h ( t ) and f 0 ( t ) are numerically evaluated
at specific values of dimensionless time, the above integrals
can also be evaluated numerically to produce the vortex
curve. We have yet to compute the local average of the axial
velocity of the fluid in the recirculation cell, uv ( t ) .
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Figure 5 describes in two dimensions the flow entering and
exiting an element of the vortex pair recirculation cell in the
xv-zv plane. The actual area of the cell, 4Bh2(t), increases
along the vortex curve, and the length of the cell is given by
ds = uvdt. The equations governing behavior of the three-
dimensional velocity field within the cell are the incompress-
ible continuity equation and xv component of conservation
of momentum, given, respectively, by

du dv dw
—— + ̂ 7—
dyv dzv

dxv

(15a)

(15b)

This preliminary assessment neglects pressure variation along
the vortex curve and will neglect shearing stresses at the cell
boundaries. Combining these two equations into one, and in-
tegrating over the area of the cell, Liebnitz' rule gives the
relation rm J -I

d f r m r ' ^-i— udzvdyv\=0 (16)ax,, LJ -m j -e J

where 2£ and 2m are the height and width of the cell, respec-
tively. The limits u(±£) = U00cos<l>v(t) have been used to
represent the component of cross flow in the xv direction
seen by the fluid exterior to the recirculation cell. Approx-

15-

Z/d
10-

0-

O R = 8
O R = 6 \ FEARN & WESTON
AR = 4
* R = 7.7 KAMOTANI & GREBER
#R = 8.1 THOMPSON

Q 5 10 15 20 25 30 35 40 45 50 55

X/d

Fig. 6a Vortex pair trajectories for /? = 8 (- - -), 6 (-—-),
4 (———) at Reynolds number /te = 103.

Fig. 6b Vortex pair trajectories for Reynolds numbers
/te = 102 (———), 103 (--—), 104 ( - - - ) , at/? =Uj/U00=&.

imating the velocity in the cell as a mass-averaged quantity
uv ( t ) , and rewriting Eq. (16) for an element of length ds, the
dimensionless governing equation for uv emerges:

duv [cos<MO-/?«„ dh

where
dt~ [2R-cos<f>v(t)/uv(t)] h ( t ) dt

, (f) -Vl-(f 0( / ) /4ir£(0) 2

(11)

Hence, knowledge of the function h ( t ) and ?Q(t) allows
solution of the nonlinear ordinary differential equation (17).
The initial condition at the orifice is given by uv(t0) = 1.0. It
can be seen that in the limit as cos<£y(0 approaches unity,
the change in uv with dimensionless flow time vanishes when
uv approaches the reciprocal of the velocity ratio,
l/R = UQO/UJ, which is an appropriate far field condition.

Results and Comparison with Experiment
In order to obtain the predicted vortex curve, the half-

spacing as a function of downstream distance, and other
results for comparison with experimental data, the governing
equations (7) and (17) are solved, subject to relation (10) and
to the pertinent initial conditions. Equation (7) for h ( t ) is to
be evaluated first, using a fourth-order Runge-Kutta scheme.
Since the magnitude of the initial condition ( d h / d t ) ( t 0 )
could cause an instability in the numerical solution, however,
further nondimensionalization of Eq. (7) with respect to the
asymptotic solution is required before the numerical analysis
can be performed. This is done by defining a new dependent
variable

h(f)=h(f)/bfV2 (18)

and transforming the differential equation (7) and its initial
conditions. The new equatioji in h(f) Js then solved
numerically and values of h ( t ) and dh/dt can be derived
from h(f). With these results, Eq. (17) can then be solved
using the Runge-Kutta scheme. Finally, the position of the
vortex pair corresponding to a given dimensionless flow time
t is computed by numerical integration of Eqs. (14a-14c).

Results for the predicted vortex curve for different values
of the velocity ratio R = Uj/U^ are shown in Fig. 6a, with
Reynolds number Re taken to be equal to 1000. The ex-
perimental points indicated are those based on the work of
Kamotani and Greber4 and of Thompson,14 with the rest
calculated from a least-squares fit of the data from Fearn
and Weston.5 In general, the power law that describes the
shape of the curve is of the form

(19)

0-

O R = 8 j
O R = 6 } FEARN & WESTON
A R = 4 )
% R = 7.7 KAMOTANI & GREBER
* R = 8.1 THOMPSON

Fig

0 5 10 15 20 25 30 35 40 45 50 55
s/d

7 Dimensionless circulation vs dimensionless arc length for
f/./(/00=8 (- - -), 6 (—--), 4 (———), at Reynolds number
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The values of the constants from Fearn and Weston's
semiempirical data are al =0.3473, /3l = l. 127, yl =0.4291;
the far-field (i.e., beyond 50 jet diameters downstream) ex-
periments of Pratte and Baines2 give 0^=2.05, ^=0.72,
and 7j =0.28, and the analysis of Broad well and Breiden-
thal8 gives fil =0.67 and y} =0.33. Our results give, as an ap-
proximation over the entire curve to X/d =50, a{= 0.527,
(3{ = 1.178, and y{ =0.314. For purposes of comparison, the
quantity that is most important is the value of yl9 the expo-
nent of the term X/d, since al and /^ are largely dependent
on the initial conditions chosen.

The dependence of these results on Reynolds number is
shown in Fig. 6b, with the chosen range of Re based on both
kinematic viscosity and eddy viscosity values. For com-
parison with the Fearn and Weston5 experiments, it is clear
that even if appropriate eddy viscosities are three to four
orders of magnitude greater than the actual kinematic quan-
tity (i.e., comparing results for Re=lQ2 or 103 with
Re=lQ6), the effects on the model are not very significant.
In fact, for Reynolds numbers above 103, the effect of Re on
the results is negligible. Thus, while the inclusion of viscosity
is essential to the nature of the model itself (via vortex
separation), the actual selection of the viscosity coefficient v
is not critical.

A dimensionless form of integrated vortex strength,
TQ/2U00d, is plotted as a function of the dimensionless arc
length s/d in Fig. 7. By comparison with experiments and
with semiempirical results, the vortex strength obtained in
the vicinity of the jet orifice undergoes a very dramatic in-
crease, but then decreases beyond s/d =3 to 5. Downstream
of s/d = 20, the power law describing integrated, vortex

strength is

FEARN & WESTON
O R = 8
O R = 6
A R = 4
* R = 7.7 KAMOTAN1 & GREBER
#R = 8.1 THOMPSON

0 5 10 15 20 25 30 35 40 45 50 55
X/d

Fig. 8 Dimensionless vortex half-spacing vs dimensionless down-
stream distance for /?=t//t/00=8 (- - -), 6 (--—), 4 (———),
at Reynolds number /te = 103.

T0/2Uoetd = (20)

where our calculations give a2 = 0.469, /32 = 1.631, and
72 =-0.38 compared with the far field values /32 = 1.33,
72 = -0.33 obtained by Broadwell and Breidenthal. The in-
crease in F0 in the near field is observed to a small degree in
experiments, as shown in Fig. 7. But, in actuality, the
predicted behavior of F0 indicates that circulation is not
really a slowly varying function of time near the orifice.
However, the locally two-dimensional assumption for
performing the entire analysis is less accurate in the vicinity
of the orifice; thus, since the current evaluation method for
r0(0 and for the orifice conditions employed is quite suffi-
cient to produce appropriate downstream behavior, relation
(9) will continue to be considered reasonable.

Dimensionless vortex half-spacing is shown in Fig. 8.
Although the differences among the three different cases for
velocity ratios are small, the general empirical trend, where
spacing increases with velocity ratio, is observed. Experimen-
tal points shown indicate that the predicted values of h/d are
roughly of the same size. In fact, the far field (asymptotic)
behavior of the vortex pair, described by

(21)

is fairly reasonable in that we obtain a3 = 1.50, /33=0.27,
and 73=0.37 compared with /33=0.67, 73 =0.33 from
Broadwell and Breidenthal.8

Entrainment of cross flow is represented in the present
model by the increase in the size of the vortex pair recircula-
tion cell due to vortex separation. One means of expressing
local entrainment in this isothermal situation is through the
local rate of increase in cell area, represented nondimen-
sionally by

where Q is the local volume flux of fluid in the jet (or cell)
and Q0 is the volume flux at the orifice. When evaluated as a
function of dimensionless downstream distance X/d, the
local entrainment factor e increases, then decreases, as
shown in Fig. 9, and the term also increases in the far field
with velocity ratio R. This result is appropriate in that the
degree of mixing in the flow, indicated by vortex strength
F0, also reaches a maximum, then decreases downstream.

Finally, a check is made on the assumption that core
radius a ( t ) is less than vortex half-spacing h ( t ) . Figure 10
describes this comparison in nondimensional terms, for

0 5 10 15 20 25 30 35 40 45 5Q

X/d

Fig. 9 Entrainment coefficient e as a function of a dimensionless
downstream distance for R=Uj/Uw=$(- - -), 6 (—--),
4 (———), at Reynolds number /te = 103.

Fig. 10 Comparison of dimensionless vortex half-spacing h/d and
viscous core radius a/d as a function of dimensionless downstream
distance for Reynolds numbers /te = 102, 103, and 104, and
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several different values of the Reynolds number. As ex-
pected, in the lower Reynolds number cases (Re =100), the
magnitude of a ( t ) is close to but still lower than h ( t ) . As
Reynolds number is increased to values of 1000 and above,
a ( t ) is quite a bit smaller than half-spacing h ( t ) and, thus,
for the range of viscosities appropriate to the problem, this
fundamental assumption is valid.

Conclusions
The results of this model indicate that vortex pair separa-

tion in the flowfield of a transverse jet is largely a two-
dimensional, viscous phenomenon. The nature of this
separation may be used to predict the trajectory of the
vortex pair, but initial conditions in the vicinity of the jet
orifice must be formulated such that reasonable downstream
characteristics are observed. Since the two-dimensional
analysis is not as appropriate in this region, estimation and
extrapolation back to the orifice is employed, which works
quite well here. In addition, the model for integrated vortex
strength presently used indicates that it is reasonable to con-
sider the vorticity generated by the impulse of the jet to
dominate the far-field flow, and the vorticity arising from
the interaction of cross flow with jet fluid to be significant
near the jet orifice. This description reinforces Fearn and
Weston's5 conclusion that the vortices are formed very close
to the jet orifice, but asserts that the dependence of two-
dimensional vortex strength on jet velocity does not become
important until the jet has been deflected by the cross flow.

Appendix: Determination of the
Virtual Mass Coefficient

Incorporation of the virtual mass coefficient k in the
analysis represents the presence of unsteady forces required
to accelerate the surrounding fluid when the cores separate at
velocity dh/dt. While the value of k for a single circular
cylinder moving in a still fluid is found to be unity, com-
putation of k for the motion of the circular cores in the pres-
ent case is far more complicated. The present analysis will
serve as a means only to approximate k, since there are two
bodies in motion that grow radially in time with associated
circulations ±r0 and with a cross flow U(t) - U<xsin<j)v(t)
that does not vanish at an infinite distance from the cores.
Thus, the frame of reference of the actual situation
(represented in Fig. 4) must be altered so that the core under
examination moves in a still fluid. By a superposition of
U(t), which places the cores in a stationary fluid, and by in-
clusion of an "image" wall to represent the lower core, the
rate of change of kinetic energy of the flow associated with
upper-core motion may be computed:

sb
• vdS +

dt Js,
<t>n-vdS (Al)

In this equation, Sb represents the surface boundary of the
upper core and SA represents the semicircular area bounded
below by the image wall and extending radially in the upper
half-plane to infinity. The velocity field v and potential </> for
the motion of the core (at velocity U) in a still fluid can be
written in terms of body-referenced quantities and coor-
dinates, <£ = (£ + Jc-£/, v = v+ U, causing the second integral in
Eq. (Al) to vanish since v = 0 at infinity and since the unit
normal vector is perpendicular to v at the image wall.

Substitution of the body-referenced functions into Eq.
(Al) now allows an integral equation for the rate of change
of kinetic energy to emerge. Evaluation of the equation in-
volves a considerable amount of complicated but straightfor-
ward manipulation, the details of which are omitted here.

When the substitution U(t)=T0(t)/4irh(t) is made, core
motion in the x direction is eliminated. Finally, when terms
of order (a/h)4 -(I/Re)2 and higher are neglected, a time-
dependent relation for the apparent force Fy in the y direc-
tion is obtained. If the virtual mass coefficient k is con-
sidered constant for all time (and thus for the entire trajec-
tory of the jet), the value of k can be computed explicitly
from the expression for Fy. Written in terms of nondimen-
sionalized variables h,t, etc., as done in the main text of this
paper, the final relation for k reduces to

(A2)

Hence, the actual motion of the viscous core, described
nondimensionally through h ( t ) , can be used to estimate k,
the fraction of the mass of the core that arises due to the
change in the kinetic energy of the surrounding fluid.
However, since the motion of the cores depends on location
along the jet trajectory, the virtual mass coefficient is not,
strictly speaking, a constant. The approximation for k given
in Eq. (A2) can only be used to estimate analytically a value
of k in the vicinity of the orifice. Then, presuming that k will
increase and then decrease along the trajectory just as the
strength of the vortices F0 increases and then decreases, a
reasonable estimate of k can be made.

The asymptotic behavior of h(t) near the jet orifice has
been described in the text as h = bti/2, where b depends on
the local circulation, the vortex spacing, and the virtual mass
coefficient. If this approximation for h ( t ) is used in Eq.
(A2), in addition to an asymptotic relation for f 0 ( / ) , a
single equation for k emerges:

1

(A3)

Iterative solution of Eq. (A3) yields k = 2.2 at the jet orifice.
Assuming that k will increase and then decrease along the
trajectory, a suitable value of k>2.2 must be selected as an
average. A number of different values of k can be tried in
the calculation, giving roughly similar results for jet trajec-
tories. A value of k = 4 actually gives results that roughly fit
experimentally obtained trajectories; hence, the value k = 4 is
used here, more or less as a fit parameter, but justified by
the analysis above to exceed unity.
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